Juan Andrés Cabral

Exchange economy with quasilinear utility functions

In an economy there are two consumers, A and B, who consume two goods, good z and good y. The
preferences of these consumers are given by the following utility functions:

Ua=xa+4-In(ya)

Up=xp+6-In(yp)

Consumer A has an initial endowment (Z4 = 8,74 = 8), while consumer B has an endowment (Zp =
2,yp = 12), that is, 2 units of good x and 12 units of good y. Since these consumers spend all of their
income and take prices as given, answer the following:

1. What relative price equilibrates the market? What are the consumption bundles of both consumers
after trade?

2. Suppose now that the government decides to “redistribute” wealth by taking 2 units of good = and 4
units of good y from consumer B and transferring them to consumer A. Does the equilibrium change?

3. What conditions must hold to ensure that we are in a market equilibrium (Walrasian equilibrium)?
4. Find the contract curve and the utility possibility frontier (UPF)

5. Verify that the equilibrium found in the first part is efficient, using your result from part 4.
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1. Let prices be (pg, py). Consumer A solves

max x4+ 4In(ya)

TAYA

subject to
DPzTA + Ppyya = 8ps + 8py

x4 >0, ya >0

Since In(y4) is only defined for y4 > 0, there cannot be a corner solution with y4 = 0. The only
possible corner is x4 = 0.

For an interior solution, the Lagrangian is

La=z4+4In(ya)+ Aa (8ps + 8py — Puta — Dyya)

The first-order conditions are

%ZI_Apr:O
8(EA

LA 4
A _ 2 \ap, =0
Oya  ya v

oL
—=2% = 8p, +8py — oA — Pyya =0
0

From the first condition,

1
Ay = —
Pz
Substituting into the second condition,
4
Yya Px
ya = 4Pz
Dy

Using the budget constraint,

_ 8Pz +8py —pyya

TA
Pz
8p. -+ 8py — py (422)
TrA =
Px
4p, + 8
T4 = 2P £y _ 4 gPy
Px Pz

Since prices are positive, this implies

x4 >0
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so consumer A indeed has an interior solution.

Now consumer B solves

max xp + 6In(yp)
TB,YB

subject to

PzTB + DyYB = 2p; + 12py

g > 0, yg >0

For an interior solution, the Lagrangian is

Lp=2zp+6In(ys) + Ap (2ps + 12py — petB — PyyB)

The first-order conditions are

oL
2 =1—Agp, =0
6.’173
OLp 6
== = = ) =0
JyB YB BPy
oL
=B —op, + 12py — psxB —pyyp =0
O\

From the first condition,

1
Ap = —
Pz
Substituting into the second condition,
6 _p
YB Dz
yp = 6Lz
Py

Using the budget constraint,

_ 2ps +12py — pyys
Pz

B

2, +12p, — py (62

rp =
Pz
—4 12
g = i LT 44122
Pz Dz
Thus, consumer B has an interior solution only if
—a+122 50

Pz


https://cabraljuan.github.io

Juan Andrés Cabral

1282 < 4
Da

Py
Pz

>

Wl

Pz g

Dy

Now impose market clearing in good y:

ya +yp =20

4Pz 4 6P — 90

Dy Dy
1022 — 920
Py
P,
Py

Since 2 < 3, consumer B also has an interior solution at the equilibrium price.
Therefore,

Using the budget constraints,

_ 8px + 8py — 8py
Pz

TrA =38

~ 2p. +12p, — 12p,
Dz

=2

Tp
Hence, the equilibrium allocation is

(za,94) = (8,8)  (zB,yp) = (2,12)

Thus, the market-clearing relative price is 22 = 2. and after checking the nonnegativity constraints we
) le} D ’ .
Y

confirm that the equilibrium is interior

. After the redistribution, the new initial endowments are

(Ta,ya) = (10,12) (zp,yB) = (0,8)

Total endowments in the economy do not change, so

z =10

]
Il
[N
o

Let prices be (ps,py). Consumer A solves

max x4+ 41ln(ya)
TAYA
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subject to

PzTA + Pyya = 10p; + 12p,

4 >0 ya >0

The Lagrangian is

La=za+4In(ya)+ Aa (10py + 12py — pexa — pyya)

The first-order conditions are

a[:714:1—/\,4@8:0
(91‘,4

0L 4 4

=4 = = _Aapy =0
Oya Yya APy

oL
A — 10p, 4+ 12py — poa — pyya =0
DOV

From the first two conditions,

1
Ag = —
Pz
4
Yya Dz
yA—4&
Py

Now consider consumer B. She solves

max xp + 61In(yp)
IB,YB

subject to
Pz + Pyys = 8py

zp >0 yg >0

If consumer B had an interior solution, the same Lagrangian method would give

yp = 622
Dy
Using the budget constraint,
8y, —
Tp = Py pyyB:8p7y_6
Pz Pz

Thus, an interior solution requires
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P _g-0
Da
3
Py 3
Pz 4
.4
Pa _ 4
Py 3

We now check whether this can hold in equilibrium. If both consumers were interior, market clearing
in good y would require

ya +yp =20

4P 4 6P — 99

Dy Dy
1022 — 90
Py
Pr 9
Py
But this contradicts the condition
Pa _ 4
Dy 3

Therefore, consumer B cannot be interior in equilibrium, so her solution must be a corner

Since consumer B has only 8 units of income measured in good y, the corner is

Now impose market clearing in good y

ya+yp =20
4Pz 4 g = 90
Py
FLEESY
Py
P _3
Py
Using this price ratio,
ya=4-3=12

and since consumer B is at the corner,

(zB,yB) = (0,8)
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Using consumer A’s budget constraint,

Pz A +py(12) = 10p; + 12py

rpA — 10

Hence,

(za,ya) = (10,12)  (zp,ys) = (0,8)

Yes, the equilibrium changes. The new market-clearing relative price is Z—T = 3, and the new equilibrium
Yy

allocation is (10, 12) for consumer A and (0,8) for consumer B

The relative price does not generally remain unchanged after redistribution. With quasilinear prefer-

ences, redistribution does not affect the demand for good y only as long as both consumers remain

at an interior solution. In this case, after the transfer consumer B has too little wealth to afford the

interior demand for y, so B is pushed to the corner (zp,yp) = (0,8). As a result, aggregate demand

changes and the market-clearing relative price rises from % =2to Z—m =
Y Y

. A Walrasian equilibrium in this exchange economy is a price vector (p,p,) with p, > 0 and p, > 0,
together with an allocation

(xAuyA)ﬂ (‘eryB)

such that the following conditions hold

(a) Utility maximization
Given prices, each consumer chooses the most preferred affordable bundle
For consumer A,

(ra,ya) € arg mAg{)la;OO {za+4In(ya) : pera+pyya < paa+pyyat

For consumer B,

(zB,yB) € arg ~max {xp+6In(y) : P22+ PyyB < P2ZTB + PyYB}

Since both utility functions are increasing in x and in y, the budget constraints hold with equality
at equilibrium
DaTA + PyYa = PzTA + PyYa

DaTB + DyYB = DaTB + DyYB

(b) Feasibility and market clearing
Total consumption must equal total endowments

Ta+xp=T4+2x =10

ya+ys =Ya+yp =20

(c) Positive prices
Prices must satisfy
Pz >0 Dy >0
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We can now quickly verify that the equilibrium found before

Pz

oy =2 (xA,yA) = (8,8) (l'B)yB) = (27 12)

satisfies all these conditions

First, prices are positive if we normalize, for example, to
py=1 ps=2
Second, the allocation is feasible since

Ta+2xp=84+2=10

ya+yp=8+12=20

Third, each consumer exhausts their budget

For consumer A,

pwi'A+pygA:2‘8+1~8:24

For consumer B,
DeB +Pyyp =2-2+1-12=16

P +pyUp=2-2+1-12=16

Hence, the allocation before together with the relative price Z—T = 2 satisfies all the conditions of a

Yy
Walrasian equilibrium

. To find the contract curve, we characterize the Pareto efficient allocations
The total endowment is
zatazp=10  ya+yp=20
At an interior Pareto efficient allocation, the marginal rates of substitution must be equal

For consumer A,
MU,, 4/ya 4

MRSy = ——= = = —
AT MU, 1 ya
For consumer B,
MU, 6 6
MRSB — YyB __ /yB _ 2
MU, 1 YB
Thus efficiency requires
4 6
Ya YB
Using feasibility in good v,
yp =20—ya
SO
4 6
ya 20— ya

4(20 — ya) = 6ya
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80 — 4ya = 6ya
10y, = 80

ya=8 yp=12

Notice that utility is linear in good z for both consumers, with the same marginal utility equal to
1. Therefore, once the efficient allocation of good y is fixed at (8,12), any redistribution of good z
between the two consumers is Pareto efficient, as long as total z remains equal to 10

Hence the contract curve is

C={(za,ya) €R} :ya =8, 0<wa <10}

Equivalently, in terms of both consumers’ bundles,

(4,8),(10 —24,12) for 0 < x4 <10

Now we find the utility possibility frontier

Along the contract curve,
Ups=2x4 +4ln(8)
Up=(10—z4)+6In(12)
Eliminating x 4 from the first equation,

raA = UA — 4111(8)
Substituting into Up,
Ug=10— (Us —41n(8)) + 61n(12)
U =10 +4ln(8) + 6111(12) —Upyx

This is the utility possibility frontier
Its feasible range is determined by 0 < z4 < 10, which implies

4In(8) < U <10+ 41In(8)

and correspondingly
61n(12) < Up <10+ 61n(12)

Thus the UPF is the line segment connecting the points

(41n(8), 10+ 61n(12))

(10 + 41n(8), 61n(12))

Therefore, the contract curve is the set of allocations with y4 = 8 and yg = 12, while the utility
possibility frontier is the straight line Ug = 10 4+ 41n(8) + 61n(12) — Uy
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5. From the first part, the equilibrium allocation is

(mA7yA) = (8,8) ($B7:‘/B) = (27 12)

The contract curve is

C={(ra,ya), (xB,yB) :ya =8, yp =12, x4 +xp = 10}

The allocation found satisfies

ya =8 yp = 12 A+ =8+2=10

Therefore, the equilibrium allocation belongs to the contract curve

Since every allocation on the contract curve is Pareto efficient, it follows that the equilibrium allocation
found in the first part is Pareto efficient

We can also verify this using the utility possibility frontier

Up =10 +41In(8) + 61n(12) — Uy

At the equilibrium allocation,

Ua =8+ 4In(8)

U = 2+61n(12)

Substituting U,4 into the frontier,

Up =10+ 41n(8) + 61n(12) — (8 + 41n(8))

Up =2+ 61n(12)

which is exactly the utility of consumer B at the equilibrium allocation
Thus, the equilibrium utility pair lies on the utility possibility frontier

Hence, the equilibrium found in the first part is efficient because the allocation lies on the contract
curve, and equivalently, the associated utility pair lies on the utility possibility frontier
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